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ABSTRACT 

"  A  class  of  globally  viscoetetric  flows  which  has  relevance  to  slow  flows 
occurring  between  two  infinite  parallel  plates  rotating  with  differing  angular 
velocities  about  a  coaMon  axis,  is  studied... _ 
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SIGNIFICANCE  AND  EXPLANATION 


Viscometric  flows  are  locally  equivalent  to  steady  simple  shear  flows  and 
In  such  flows  the  behavior  of  a  simple  fluid  can  be  completely  characterised 
by  three  scalar  functions  of  a  single  variable,  namely  the  shear.  Most  of  the 
familiar  flows  in  the  literature,  namely  Gouette  flow,  Poiseuille  flow,  etc., 
belong  to  the  above  class.  In  this  paper  we  investigate  a  class  of 
viscometric  flows  which  has  relevance  to  the  flows  occurring  between  infinite 
parallel  plates  rotating  about  a  common  axis  with  different  angular 
velocities. 


The  responsibility  for  the  wording  and  views  expressed  in  this  descriptive 
sumsiary  lies  with  MFC,  and  not  with  the  author  of  this  report. 


ON  A  VISCOMETRIC  FLOW  OF  A  SIMPLE  FLUID 


K.  R.  Rajagopal* 


1 .  Introduction 

In  one  of  his  several  pioneering  papers  in  the  fifites,  Rivlin  [1] 
studied  the  torsional  flow  between  two  parallel  disks*  Be  considered  a 
velocity  field  of  the  font 

u  ■  -♦*yl  v  -  ♦ax  and  w  •  0,  (1) 

u,  v,  and  w  being  the  velocities  in  the  x,  y,  and  a  directions, 
respectively.  The  above  notion  is  vi scone trie  (cf.  Pipkin  [2])  and  has 
relevance  to  the  low  Reynolds  nvber  flow  between  rotating  disks*  The  fon 
(1)  corresponds  to  a  flow  in  which  each  plane  parallel  to  the  plates  is 
rotating  as  though  it  were  rigid,  the  angular  velocity  of  these  plates  varying 
linearly*  However,  such  a  linear  variation  is  by  no  naans  the  only  possible 
one  in  the  case  of  a  sinple  fluid. 

In  this  paper,  X  shall  consider  a  generalisation  of  (1)  which  is 
applicable  for  the  slow  flow  of  a  sinple  fluid  between  parallel  plates 
rotating  with  differing  angular  velocities  about  a  cannon  axis  (see  Fig.  1). 
The  assisted  fon  for  the  velocity  field  falls  into  the  category  of  pseudo¬ 
plane  notions  which  were  studied  by  Barker  (3) . 
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Figure  1. 


We  shall  assume  a  flow  fluid  of  the  form 


u  -  -Q(z)y,  v  -  Q(z)x,  w  *•  0,  (2) 

where  fl(z)  is  an  arbitrary  function  s  which  needs  to  be  determined  from 
the  equations  of  motion  for  the  specific  fluid  under  consideration. 

After  a  brief  discussion  of  the  basic  definitions  and  notations  that  we 
will  need,  in  the  next  section,  we  proceed  to  show  that  a  motion  of  the  form 
(2)  is  viacoraetric.  We  conclude  with  an  example  of  a  specific  fluid  model 


wherein  fl(z)  need  not  be  linear 


2.  Preliminaries 


Let  x  denote  the  position  of  an  element  X  in  the  reference  state  at 
tine  t  and  let  £  denote  the  position  of  X  at  tine  t.  The  dependence  of 
£  on  x,  t  and  t  can  be  expressed  as 

£  -  X  <x,T>.  (3) 


The  relative  deformation  gradient  F^(T )  is  then  defined  through 


lt(x)  -  gradg  xt<jt,T>. 


(4) 


The  relative  right  Cauchy-Green  tensor  is  defined  through 


£t<T)  "  VT)VT>' 


(5) 


the  velocity  gradient  tensor  L(t)  through 


t-t 


C6) 


and  the  Rivlin-Xricksen  tensors  (cf.  Rivlin  and  Kricksen  [4])  through 


*  k  *  h 


*»  -  «  *  in- it  *  *Vl  ' 


A  notion  is  said  to  be  viscometric*  (at.  Coleman  [5])  if  at  that  given 
material  point,  the  right  relative  Cauchy-Green  tensor  can  be 


(8) 


2 

Ct<t-S)  “  ,1  -  +  ^-  A2  , 

* 

for  all  t  and  if  relative  to  bom  orthonormal  basis  e. ,  the  Rivlin- 
Ericksen  tensors  have  the  following  matrix  representation 


where  k  is  usually  referred  to  as  the  "shear  rate” 


•We  choose  to  use  the  above  definition  for  a  viscometric  flow  since  we  shall 
find  the  need  to  employ  the  kinematical  tensors  A^  and  A^  used  in  the 
above  definition,  later  on.  A  flow  is  viscometric  (cf.  Coleman,  Markovitz  and 
Moll  [6])  if 

F.  (t-T)  -  R(t-T)(1-(t-T)M) , 

^  ^ 

where  R(t-t)  is  orthogonal  with  R(0)  m  1  and  M  is  a  tensor  which  has  the 
following  matrix  representation  with  respect  to  a  suitable  axis 

/0  0  x\ 

[o  0  0  \  . 


x  0  0 


3.  The  Flow  Field 


Consider  the  notion  represented  by  (2),  i.e., 

u  -  -Q(z)y, 
v  “  Q(z)x,  and 
w  -  0, 


where  u,  v,  and  w  denote  the  x,  y,  and  z  components  of  the  velocity, 
respectively.  The  motion  represented  by  (10)  is  isochoric.  bet  us  denote  by 
£  the  3-tuple  (€,  h,  ()•  Then  (10)  implies  that 


l  -  -0(0  (h), 
n  -  0(0(0, 
t  -  0. 


(il), 

di)2 

(li)3 


with 


£(t)  -  x,  n(t)  ■  y,  and  c(t)  -  z. 


(12) 


A  straightforward  confutation  yields 

(13), 
(13)2 
(13>3 

Thus,  the  relative  deformation  gradient  has  the  following  matrix 
representation  t 


C(T)  »  x  cos[(Q(z)) (t-T)J  ♦  y  sin  ( (0( s) ) ( t— T ) ] , 
h(T)  -  -x  sin  [(0( z) ) ( t— T ) J  ♦  y  cos  [(0(z))(t-x)J , 
C(x)  ■  z 
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/ 


2JT>  " 


CO«t(0(*))(t-T)l  •in[(Q(*))(t-T)J  -x(t-T)0'(*)sin[(fi(s))(t-T)] 

♦y{  t-T )fl* { *)co« t (0( *) ) ( t-T ) ] 


(14) 


-sint(Q(z))(t-T)]  co»[(Q(*))(t-T>]  -x(t-T)Q*(z)coa[(Q(z))(t-T)] 

-y( t-T )Q*  ( z) sin [ (Q( z ) ) ( t-T ) ] 
0  0  1 


Hence,  the  right  relative  Cauchy-Green  strain  history  takes  the  simple  form 


Ct(t-s) 


1 

0 


0 

1 


\y(fl'(z))a  -x(Q' (*))i 


sy(fi'(z)) 

-sx(Q’(*))  1  (15) 

1+t(0'(z))s]2(x2ty2) 


We  now  proceed  to  compute  the  Rivlin-Iricksen  tensors  A  .  First,  it 

~n 

follows  from  (8),  the  velocity  gradient  L  is  given  by 


0  -fl(z)  -yQ»(s) 
J.  -  (  Q(z)  0  Mz) 

0  0  0 


(16) 


Thus,  the  first  two  Rivlin-Cricksen  tensors  are  given  by 


0  0  -yfl'(z) 

0  0  zfl'(s)  ,, 

L-yO'(s)  rf'U)  0 


(17) 


and 


0  0  0 

i,  -  I  0  0  0 

0  0  2t(sG'(«>)2+(idl,<*>)2 


(18) 


We  also  provide  the  matrix  representations  of  A2  and  A.A,  which  will  be 

Mr] 

useful  later  on. 


(fl'(s)y]2  -xy(Q'(s))2 

h]  -(-ayCfl’ts))2  lxfl*(s)]2 
0  0 


0 

0 

{tyQ’unMxa’u)]2} 


(19) 


-2l0'(s)]3y[x24y2] 

2[0'(s))3xlx24y2] 


(20) 


It  is  easy  to  verify  that  the  Rl vl i n-*r icksen  tensors  A^  and  A^  can 

A 

be  expressed  in  the  fora  (9)  and  (10)  where  the  new  basis  (i-1,2,3)  is 

related  to  the  old  cartesian  basis  e^  (i-1,2,3)  through 


with 


*1  X  *1  X  *2  9 

:  -aaiua,  _ jSLiiii t  , 

*2  K  *2  K  *1  ' 


*3*  *3 


X  -  l(jO'(s))2  ♦  (ifi*(s))V/a  . 


>7 


It  then  follows  frost  equations  (15),  (17),  (18)  and  the  definition  of  a 
viscometric  flow  that  the  Motion  (2)  under  consideration  is  indeed 
viscometric,  Furthermore,  a  simple  computation  yields 


0,  V  n  >  3. 
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4.  Discussion 


Xt  is  sssy  to  verify  by  virtue  of  (17)-(20)  that  a  velocity  field  of  the 
fora  (10)  given  by* 


u(x,y,z) 


v(x,y,z) 


w(z,y, z) 


(0,-0.)  0,  ♦  8, 

-C-V1-  *  ♦  (-4-*)! 7  . 


n,  -  a,  8,  ♦  q 

it-4-1 «  ♦  (-V-1)!*. 


0  , 


satisfies  the  equation  of  action  for  the  non  inertial  flow  of  the  classical 
linearly  viscous  fluid  and  the  Rivlin-Kricksen  fluids  of  second  and  third 
grade**.  In  the  case  of  the  linearly  viscous  fluid  the  above  solution  is  the 
unique  solution  to  the  "Stokes  flow"  problem.  In  the  case  of  the  incompressible 
Rivlin-Kricksen  fluids  of  the  second  and  third  grade,  the  above  flow  would  be 
the  unique  solution  under  certain  conditions  if  the  fluids  are  required  to  be 
theraodynaaically  compatible***  (cf.  Fosdick  and  Rajagopal  [9]). 


*  This  is  Rivlin's  [4]  result  extended  to  the  case  when  both  the  top  and 
bottom  plates  are  rotating. 

**  The  stress  constitutive  equations  for  the  linearly  viscous  fluid  and  the 
incompressible  Rivlin-Kricksen  fluids  of  second  and  third  grade  are  given  by 
(cf.  Truesdell  and  Noll  [7])i 

X  -  -Pi  ♦  Vft,  , 

*  -  -rt  ♦  ♦  v?  • 

l  -  -Pl  ♦  »*,  ♦  Vj  *  Vi  *  Vs  *  VVs  *  Ml’  ♦  • 

***  The  fluid  is  said  to  be  thermodynamically  compatible  if  it  meets  the 
Claus i us- Duhen  inequality  in  all  its  motions  and  if  the  specific  Helmholtz 
free  energy  is  a  minievm  when  the  fluid  is  at  rest  under  isothermal 
conditions,  the  uniquensss  result  is  not  a  consequence  of  Tanner's  therorsm 
[10]  as  the  flow  in  question  is  not  plane. 


9 


However,  the  flow  (2)  is  by  no  aeens  the  only  one  possible  in  e  general 
simple  fluid.  We  give  below  an  example  of  a  simple  fluid  which  is  properly 
frame  invariant  in  which  an  infinity  of  solutions  is  possible  for  the  above 
problem,  of  course,  the  fluid  model  may  not  be  a  realistic  one.  It  should 
however  be  noted  that  one  could  easily  construct  fluid  models  wherein  the 
stress  is  expressible  as  polynomials  of  the  gradients  of  velocity  and  the 
( n- 1 ) th  accelerations,  the  class  of  models  studied  by  Rivlin  [1],  where  non¬ 
unique  solutions  for  Q(z)  are  possible. 

Let  us  consider  a  fluid  model  whose  Cauchy  stress  T  is  given  by 


T  -  -pi  +  - —  A,  . 

-  ~  ,  2\  -2 


Such  a  fluid  model  is  definitely  permissible  under  the  class  of  simple  fluids 
(cf.  Wineman  and  Pipkin  [11]).  A  trivial  computation,  for  the  problem  in 
question,  verifies  that 


0  0  0 


57*2  "  P  °  ° 


0  0  1 


It  then  follows  that  any  smooth  Q(s)  which  is  such  that  it  is  Qj  at  the 
top  and  at  the  bottom  would  be  permissible! 


Acknowledgement :  The  author  would  like  to  thank  Ms*  K.  Spear  for  useful 
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